Abstract. The uncertainty principle has been established within the framework of locally compact quantum groups in recent years. This paper demonstrates that entropic uncertainty relations can be strengthened under localizations on discrete quantum groups, which is the case if the dual compact quantum group G is the free orthogonal quantum group O + N with N ≥ 3 or if G admits an infinite Λ(p) set with p > 2. On the other hand, this paper explains the reason why such phenomena do not appear when G is one of the connected semisimple compact Lie groups, O + 2 and the quantum SU (2) groups. Also, we discuss the divergence of entropic uncertainty relations together with some explicit explanations.
Introduction
The uncertainty principle has been extensively studied for a long time, especially by Hardy [Har33] , Hirschman [Hir57] , Beckner [Bec75] , Donoho and Stark [DS89] . Also, Smith [Smi90] , Tao [Tao05] ,Özaydin and Przebinda [ÖP04] explored the principle in the category of locally compact abelian groups. More recently, Alagic and Russell [AR08] established the Donoho-Stark uncertainty principle for a general compact group, and through a series of studies [CK14] , [LW17] and [JLW17] , DonohoStark uncertainty principle, Hirschman-Beckner uncertianty principle and Hardy's uncertainty principle have been studied in the framework of locally compact quantum groups.
Due to [CK14] , for G a discrete Kac algebra, we have
for all f ∈ ℓ 1 ( G) with f ℓ 2 ( G) = 1, where G is the dual compact quantum group of G and H(|f | 2 , ϕ G ) (resp. H( f 2 , ϕ G )) denotes the relative entropy of |f | 2 (resp. f 2 ) with respect to the Haar state ϕ G (resp. the left Haar weight ϕ G ).
To quote Folland [FS97] , the uncertainty principle implies that both a non-zero function and its Fourier transform cannot be sharply localized. In other words, if a function f is concentrated, then its Fourier transform f should be dispersed.
An interesting fact is that the inequality (1.1) can be improved by utilizing the studies of local Hausdorff-Young inequalities (see [And95] , [Sjö95] , [Kam00] and [GCMP03] ) if f ∈ L 2 (T) is highly concentrated and f ∈ ℓ 1 (Z). More precisely, we where U ǫ = e 2πiθ ∈ T : |θ| ≤ ǫ . Note that localizations of f on compact group T is affected here and see Corollary 2.3 for the proof of the inequality (1.2). Also, various studies for local uncertainty inequalities ( [Far78] , [Pri83] , [Pri87] , [PR85] , [PS88a] and [PS88b] ) have already noted the localization of f or f in the framework of locally compact groups.
The main view of this paper is that similar, but even much stronger phenomena appear when f is localized on certain discrete quantum groups in the sense that supp( f ) = α ∈ Irr(G) : f (α) = 0 is contained in a fixed subset E ⊆ Irr(G).
The following theorem is a summary of our main results and we will focus only on the spaces Pol(G) = f ∈ L 2 (G) : f (α) = 0 for all but finitely many α
and Pol E (G) = f ∈ Pol(G) : supp( f ) ⊆ E in order to simplify some technical issues. Also, the following results for entropic uncertainty relations enhance the Donoho-Stark uncertainty relation due to Proposition 2.9. 
(3) If a compact Kac algebra G admits an infinite Λ(p)-set E ⊆ Irr(G) with p > 2, then
Note that Theorem 1.1 (1) implies that, even in the slightest support restriction E = Irr(O + N ) \ {0}, the relation (1.1) is strengthened for all N > 8. Moreover, by Theorem 1.1 (2), we can show
which can be considered a stronger counterpart of the inequality (1.2). However, a phenomenon such as (1.6) does not happen
• if G is a discrete group,
• if G is a connected semisimple compact Lie group,
2) with 0 < q < 1. More precisely, in Section 4, we will show that (1.7) sup
for the cases listed above.
2
On the other hand, Theorem 1.1, (3) provides a link between the study of lacunarities and uncertainty relations. For example, since the set of generators {g j } ∞ j=1
is a Leinert set in F ∞ , we are able to obtain the following estimates
In the last section, the divergence of entropic uncertainty relations will be discussed independently. We will show that the uncertainty relations diverge in general. Moreover, the divergence is detectable by establishing the estimates
when G is a compact semisimple compact Lie group or O + N (Theorem 5.1). In the cases of quantum SU (2) groups, the divergence does not appear at characters (Proposition 5.2) whereas appears at certain linear combinations of characters, thanks to the existence of an infinite central Λ(4)-set (Corollary 5.4).
Preliminaries
2.1. Discrete quantum groups and dual compact quantum groups. For any discrete quantum group G there exists a unique compact quantum group
and ϕ G is the unique normal faithful state on L ∞ (G) satisfying
The state ϕ G is called the Haar state.
and the space of polynomials is defined by
Schur's orthogonality relation says that, for each α ∈ Irr(G), there exists a unique positive invertible matrix Q α (which can be assumed to be diagonal [Daw10] ) such that
for all α, β ∈ Irr(G), 1 ≤ i, j ≤ n α and 1 ≤ s, t ≤ n β . We say that G is of Kac type if the Haar state is tracial or equivalently Q α = Id nα for all α ∈ Irr(G). Also, On the dual side, the underlying von Neumann algebra of G is defined as
and the left Haar weight on ℓ ∞ ( G) is described by
where (·, ·) θ denotes the complex interpolation of a compatible pair of Banach spaces. Then the following contractive embeddings
On the dual side, for G the discrete dual quantum group, the non-commutative ℓ p -spaces are explicitly given by
The duality between ℓ 1 ( G) and ℓ
When we deal with the L p -norms, the following complex interpolation theorem will be frequently used. Given compatible pairs of Banach spaces (X 0 , X 1 ) and
for all 0 < θ < 1. In particular, for any f ∈ Pol(G), X ∈ M n and 1 ≤ p 0 < p < p 1 ≤ ∞ we have
and Q is a positive invertible matrix.
Proof. The last argument follows from the linear maps
).
Proof. First of all, the limit exists thanks to [Proposition 5.9, [JLW17] ] and [Remark 5.10, [JLW17] ]. Let us consider the restriction of the Fourier transform on the one-
by the Plancherel identity (see Subsection 2.3) and Theorem 2.1.
) and taking limit as q ր 2 completes the proof. Also, if 2 < p ≤ ∞, then for any 2 < q < p we have
), which allows us to obtain the conclusion.
Corollary 2.3. The inequality (1.2)
indeed holds where U δ = e 2πiθ ∈ T : |θ| ≤ δ .
Proof. Thanks to [Main Theorem, [Sjö95] ] or [Theorem 2, [Kam00] ], for any ǫ > 0 and 1 < p < 2, there exists δ > 0 such that 
Lastly, taking limits as ǫ → 0 and p ր 2 completes the proof.
2.3.
Fourier analysis and Λ(p) sets. Let G be a compact quantum group and
for all α ∈ Irr(G) and 1 ≤ i, j ≤ n α . In particular, for any f ∈ Pol(G) we have
and f (α) = 0 for all but finitely many α. The map f → f extends to a contractive map F :
for each case. In both cases, the maps are called the Fourier transform. Now, among various notions for lacunarity, let us introduce the Λ(p)-sets.
Definition 2.4. Let G be a compact quantum group and 2 ≤ p < ∞. We say that
2.4. The entropy and the Rényi entropy. In this subsection, we gather some basic notions and properties for entropic quantities. Also, we explain why the entropic uncertainty principle dominates the Donoho-Stark uncertainty principle if G is of Kac type in Proposition 2.9.
Definition 2.5. Let M be a von Neumann algebra with φ a normal semifinite faithful tracial weight.
(1) For any f ∈ M such that φ(|f | p ) < ∞ with p ∈ (0, 1) ∪ (1, ∞), the Rényi entropy of f with respect to φ is defined as
(2) For ρ ∈ M + such that φ(ρ) = 1, the entropy of ρ ∈ L 1 (M, φ) + with respect to φ is defined as
When the entropy of A ∈ (M n ) + is discussed with respect to the canonical trace, we simply denote it by H(A).
6 Lemma 2.6.
(1) Let τ be a normal faithful finite tracial weight on a von Neumann algebra M . Then for any ρ ∈ M + with τ (ρ) = 1 we have
In particular, for any ξ ∈ M such that τ (ξ * ξ) = 1, we have
(2) Let Q ∈ M n be a positive invertible matrix. Then for any 1 < p < ∞ and X ∈ M n we have (2.14)
Proof.
(1) By [Lemma 18, [Ter81] ], we have
with respect to the norm topology for h ∈ M + and p 0 ∈ (0, ∞). This implies
(2) By the Hölder inequality, we have
is finite and A ℓ 2 ( G) = 1. Then the following holds.
(1) We have
In particular, if G is of Kac type, we have (2.16)
(2) For any 1 ≤ p ≤ 2 we have
(1) First of all, we have
Then, by Lemma 2.6 (2),
For convenience, let us set
If G is of Kac type, our assumption implies A(α) HS ≤ 1 √ n α , so that
HS log(n α ) which leads to our conclusion.
Throughout this paper, in order to avoid many notations and explanations for the modular theory, we will describe the entropic uncertainty principle for a compact quantum group G by
Then, from Proposition 2.7 (1) and (2.18) , we have the following general bounds:
The following proposition explains how the study of entropic uncertainty relations dominates the Donoho-Stark uncertainty relations.
Proposition 2.9. Let G be a compact quantum group of Kac type. Then for any f ∈ Pol(G) with f L 2 (G) = 1 we have (2.20)
where s(T ) is the support projection of a bounded operator T ∈ B(H), i.e. the orthogonal projection onto the closure of range of T .
Proof. Since the Haar state ϕ is tracial, we have
for all 1 ≤ p < 2 by the Hölder inequality. Therefore,
for any 1 ≤ p < 2. By taking limit as p ր 2 and Lemma 2.6 (1), we obtain log(ϕ(s(f ))
2.5. Examples of compact quantum groups.
2.5.1. Duals of discrete groups. Let Γ be a discrete group and consider the left translation unitary operators λ g ∈ B(ℓ 2 (Γ)) with g ∈ Γ defined by
for all ξ ∈ ℓ 2 (Γ) and x ∈ Γ. It is easy to check λ g λ h = λ gh and λ * g = λ g −1 . The group von Neumann algebra V N (Γ) is defined as the closure of a space span {λ g : g ∈ Γ} in B(ℓ 2 (Γ)) with respect to the strong operator topology. The map λ g → λ g ⊗ λ g uniquely extends to a normal * -homomorphism
Together with ∆ and the vacuum state τ = ·δ e , δ e ℓ 2 (Γ) , Γ = (V N (Γ), ∆, τ ) becomes a compact quantum group, which is called the dual of the discrete group Γ. In this case, the Haar state τ of Γ is the tracial, Irr( Γ) ∼ = Γ and 
The von Neumann algebra
is defined as the weak * -closure of the GNS image of A with respect to the state ϕ 0 and then ∆ 0 extends to a normal * -
) is a compact quantum group, which is called the free orthogonal quantum group. In this case, the Haar state is tracial, Irr(O + N ) is identified with {0} ∪ N and n k ∼ r k 0 where
2.5.3. Quantum SU (2) groups. Let 0 < q < 1 and A be the universal unital C * -algebra generated by a and c such that
, and a faithful state
for all x ∈ A. Then we define the von Neumann algebra L ∞ (SU q (2)) as the weak * -closure of GNS image of A with respect to ϕ 0 .
The maps ∆ 0 and ϕ 0 uniquely extend to a normal * -homomorphism ∆ SUq(2) :
) and the unique normal faithful state ϕ SUq(2) on L ∞ (SU q (2)) respectively, which determines the quantum SU (2) group SU q (2) = (L ∞ (SU q (2)), ∆ SUq (2) , ϕ SUq(2) ). It is known that the Haar state ϕ SUq(2) is non-tracial, Irr(SU q (2)) = u n = (u
for all n ∈ N with respect to a canonical choice of an orthonormal basis [Koo89] . There exists a universal constant C ≤ 2, which is independent of N and k, such that
Proof. The proofs of [Corollary 2.3, [Bra14] ] and [Lemma 3.1, [Bra14] ] show that the constant can be chosen to satisfy
Here, the constant C comes from Lemma 3.1.
Proof. From the assumption and [Proposition 3.7, [You18] ], we have
for all k and f ∈ L 1 (O + N ). Now, for any t ∈ N, let us set E t = {t, t + 1, · · · } and consider linear maps
By Theorem 2.1, for any 1 < p < 2, we obtain
Note that p t is nothing but the Fourier transform on Pol Et (O + N ). Hence for any 1 < p < 2 and f ∈ Pol Et (O
Therefore, by taking limit as p ր 2, we have (1) Under very mild support condition
(2) Let N ≥ 3 and r < r 0 = N + √ N 2 − 4 2 be fixed. Then we have
(1) First of all, the sequence (
Thus, the conclusion follows from Theorem 3.2, Proposition 2.9 and
(2) Again, it is enough to use Theorem 3.2, Proposition 2.9 and the fact that
Remark 3.4. In fact, the proof of Theorem 3.2 is still valid for other various free quantum groups. A similar conclusion holds for
• the free unitary quantum groups U + N with N ≥ 3 and • the quantum automorphism groups G aut (B, ψ) with a δ-trace ψ and a C * -algebra B such that dim(B) ≥ 5, if we choose E t = {α ∈ Irr(G) : |α| ≥ t} where |·| denotes the natural length function on Irr(G).
3.2.
When f is localized on a lacunary set. One of the main observations we obtained is that studies on lacunarity can be used to estimate uncertainty relations between f and f . In particular, we will explore how the existence of infinite Λ(p) sets affect the uncertainty relations. It is known that all duals of discrete groups, which include all of the abelian compat groups, admits an infinite Λ(p)-set [Theorem A.1., [Wan17] ]. For another link between lacunarity and uncertainty principles, refer to [NS11] .
Proof. By Theorem 2.1 and Proposition 2.7, for all 2 < q < p and f ∈ Pol E (G) with f 2 = 1, we have
Hence, we obtain
If G is of Kac type, the above (3.7) becomes
Also, Proposition 2.9 and the fact that f (α) ≤ f (α)
α ∈ Irr(G) demonstrate the last argument.
From now on, let us gather some well-known explicit examples of infinite Λ(p)-sets. On typical examples T (among commutative ones) and F ∞ (among cocommutative ones), we introduce Hadamard sets and a Leinert set below.
Example 1. (Hadamard sets)
It is known that any Hadamard set
Sidon set ( [Sid27b] and [Sid27a] ), which automatically becomes a Λ(p) set for all 2 < p < ∞ [Theorem 6.3.9, [GH13] ]. Hence, we have
for all f ∈ Pol E (T) with f 2 = 1. In particular, we have
z nj by Proposition 2.7 and (3.8).
⊆ F ∞ be the generators of the free group F ∞ . Since
for any n ∈ N and scalars a j , the subset E is a Λ(p)-set with a universal constant K = 2 for all 2 < p < ∞. Therefore, Theorem 3.5 and taking limit as p → ∞ gives us
for all f ∈ Pol E ( F ∞ ) with f 2 = 1. In particular, by Proposition 2.7 and (3.11), we have
A well-known example of infinite Λ(p)-sets E with unbounded degrees, i.e. sup α∈E n α = ∞, is so-called a F T R set. Refer to [GH13] for details.
is a Sidon set, which is a Λ(p) set for all 2 < p < ∞. Therefore, we have
2 n for all n ∈ N and f ∈ Pol E\{π1,··· ,πn} (G) with f L 2 (G) = 1.
4. On the duals of compact Lie groups, O + 2 and SU q (2) In contrast to the previous section, the explored improvements of uncertainty relations (Corollary 3.3 (2) or Theorem 3.5) do not appear in the cases listed below.
• G is a compact semisimple connected Lie group, . These facts imply that Theorem 3.5 is no longer applicable.
From now on, we will focus on the validity of Corollary 3.3 (2) for the cases above. Recall that Corollary 3.3 (2) or Example 3 provides us with a sequence of finite subsets (E t ) t∈N ⊆ Irr(G) such that
However, we will show that such a sequence does not exist if G is a connected semisimple compact Lie group, O + 2 or SU q (2) with 0 < q < 1. More precisely, for the compact quantum groups listed above, we will prove that (4.1) sup
Our strategy is to look closely at L p -norms of certain matrix elements u α i,i .
Lemma 4.1.
(1) (Main theorem, [GT80] ) Let G be a connected semisimple compact Lie group. Then for any p > 0, there exist universal constants A p and B p such that for any unitary irreducible representation π ∈ Irr(G), there exists a matrix coefficient a π = π(·)ξ, ξ Hπ with ξ Hπ = 1 such that
(2) For any n ∈ {0} ∪ N, 0 ≤ i, j ≤ n and 1 ≤ p < ∞, we have
Proof. (2) From the explicit formulas for ℓ p -norms (2.5) and the fact that u n i,j (k) =
for all 1 ≤ p < ∞.
Theorem 4.2. Let G be one of connected semisimple compact Lie groups, the free orthogonal quantum group O + 2 and the quantum SU (2) group SU q (2) with 0 < q < 1. Then we have
Proof. π for all π ∈ Irr(G) and 1 < p < 2. Therefore, On the other side, O + 2 ∼ = SU −1 (2) as compact quantum groups and Irr(SU −1 (2)) = u n = (u n i,j ) 0≤i,j≤n : n ∈ {0} ∪ N ∼ = {0} ∪ N. If we denote by a = u 1 0,0 , then a * a = aa * , u n 0,0 = a n thanks to [Theorem 5.4, [Koo89] ]. Therefore, the moments of (a * a)
for all k ∈ {0} ∪ N. In other words, all the moments of (u n 0,0 ) * u n 0,0 and π n 0,0 2 coincide. Therefore, we can conclude that
(3) (The case of SU q (2)) For all n ≥ 0 and 0 ≤ j ≤ n, we have
and log(
) ≤ 0 for all 1 ≤ p ≤ 2. Thus, by Lemma 4.1 (2),
The divergence of uncertainty relations
In principle, if G is not finite, the uncertainty relation should be divergent
at certain element f ∈ Pol(G) by Corollary 2.2 and the fact that the Fourier transform F :
is not bounded below. But finding explicit elements showing the divergence is worthy of independent attention. Indeed, Corollary 3.3 (2) and Examples 1, 2, 3 provide us with explicit elements showing the divergence. However, we need a different idea for connected compact Lie groups, O + 2 or SU q (2) in view of Section 4, and the main point of this Section is that the divergence of uncertainty relations is attained at certain (linear combinations of) characters for compact quantum groups mentioned above.
Theorem 5.1.
(1) For G a connected compact Lie group, we have (2) Let G be the free orthogonal quantum group O + N with N ≥ 2. Then for any non-zero finite integral sequence m = (m k ) k≥0 ⊆ Z, we have
(1) By Corollary 2.2, it is enough to show that
Indeed, by [Lemma, [Pri75] ], there exists a universal constant c(G) such that n π m π (2) Through [Lemma 4.7, [You18] ] and Theorem 5.1 (1), we are able to obtain the conclusion.
Note that Theorem 5.1 and (2.19) tells us that the uncertainty relations diverge at characters since (5.3) e H(|χα| 2 ,ϕ G )+H(| χα| 2 , ϕ G ) ∼ n 2 α for all α ∈ Irr(G) if G is a connected compact Lie group or a free orthogonal quantum group.
In contrast, this divergence at characters does not appear in the case of the quantum SU (2) group SU q (2).
Proposition 5.2. For the quantum SU (2) group SU q (2) with 0 < q < 1, we have : k ∈ N ⊆ {0} ∪ N, there exists a universal constant K = K(q, E) such that (5.6) n∈E a n χ n L 4 (SUq(2)) ≤ K n∈E a n χ n L 2 (SUq(2)) for any finitely supported sequence (a n ) n∈E ⊆ C [Proposition 5.16, [Wan17] ]. Through a similar proof of Theorem 3.5, we can apply this lacunarity result to detect the divergence of uncertainty relations in SU q (2). where x n is the sequence defined in the proof of Proposition 5.2.
Remark 5.5. In the case of SU q (2), we can pick an explicit sequence of matrix elements (u 0,n ) n≥0 showing the divergence of the uncertainty relations. Indeed, we have 
